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ABSTRACT

Multicastingin theoptical layerhasgainedimportancein therecentyearsdueto severalfactors.Most of theresearchwork in
this areaconcentrateeitheron minimizing thenumberof wavelengthsrequiredto meeta givenstaticdemandor on multicast
routeselectionalgorithmsthatresultin efficientutilizationof fiberbandwidth.Very few significantresearchhasbeenfound,to
thebestof authors’knowledge,ondevelopingananalyticalmodelfor evaluatingtheblockingperformanceof treeestablishment
in opticalnetworks,which motivatesthework in this paper.

In this paper, an analyticalmodel for evaluating the blocking performanceof multicast tree establishmenttime-space
switchedoptical networks is developed. The performanceof differentswitch architecturesare then studiedusing the ana-
lytical model.It is observedthatif themulticasttreehasvery low degreeof branching,theblockingprobabilityof establishing
thetreeis thesameasthatof establishingapathwith samenumberof links.

Keywords: Opticalnetworks,WDM/TDM switching,Multicast,Blockingperformance

1. INTRODUCTION

WavelengthDivision Multiplexing (WDM) hasemergedasanefficient mechanismfor informationtransportin all-opticalnet-
works. WDM divides the available fiber bandwidthinto a set of wavelengths(WDM channels).Early researchin optical
networks focussedon single-fibermulti-wavelengthwavelength-routednetworks. Nodesin thesenetworkscanswitchwave-
lengthsacrossports. WavelengthConverter(WC) is a device that allows the optical signalon a wavelengthto be converted
into anotherwavelength. If wavelengthconvertersarenot available,a call arriving at a nodeon a certainwavelengthhasto
be switchedto the samewavelengthat the output. Althoughwavelengthconvertersimprove network blocking performance,
thehigh costof wavelengthconvertershave madeit impracticalto employ full-wavelengthconversionat all nodes.The role
of wavelengthconvertersin wavelength-routednetworks hasbeenstudiedextensively in the literature.KMLON Subramaniam,
Azizog̃lu, andSomaniP evaluatethe impactof sparse-wavelengthconversion,whereonly a few nodesin the network have
full-wavelengthconversioncapability. Theeffectof limited-wavelengthconversion,QSR T wherea giveninputwavelengthcanbe
convertedinto asetof (but notall) outputwavelengths,hasbeenalsostudied.Multi-fiber multi-wavelengthwavelength-routed
networkshavebeenshown to offer blockingperformancesimilar to thatof networksthatemploy limited- or sparse-wavelength
conversion.U LVKXW

WDM offersbandwidthgranularitycloseto thepeakelectronictransmissionspeed.Thebandwidthof a singlewavelength
is too largefor certaintraffic requirements.While sometraffic mayhavearequirementof fractionalwavelength,anothertraffic
that is alreadyusinga full-wavelengthmight want to expandits capacity, but not want to pay for an entirenew wavelength.
Thismotivatestheneedfor providing fractionalwavelengthcapacityto thenetwork traffic.

Provisioning fractionalwavelengthcapacityis achievedby dividing a wavelengthinto time slotsandmultiplexing traffic
on thewavelength.Theresultingmultiwavelengthoptical time division multiplexednetworks(WDM/TDM networks)canbe
classifiedinto two categoriesKYK : dedicated-wavelengthTDM (DW-TDM) networksandshared-wavelengthTDM (SW-TDM)
networks. In DW-TDM networks,eachsource-destinationpair is connectedby a lightpath, wherea lightpathis definedasan
all-optical connectionbetweentwo nodes. Calls betweena sourceanddestinationaremultiplexed on the lightpaths. If the
bandwidthrequiredby a new call at a nodeis not availableon any of theexisting lightpathsto thedestination,a new lightpath
is established.On the otherhand,in SW-TDM networks, if a call cannotbe accommodatedon an existing lightpathto the
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destination,it is allowedto bemultiplexedontoanexisting lightpathto an intermediatenode.Thecall is thenswitchedfrom
theintermediatenodeto thefinal destinationeitherdirectly or throughothernodes.However, if noneof theexisting lightpaths
from thenodecanaccommodatethecall, a new lightpathto thedestinationis established.

The performanceof SW-TDM networksdependon efficient merging of fractionalwavelengthrequirementsof the nodes
into a full- or almost-full wavelengthrequirement.This merging of traffic from differentsource-destinationpairs is called
traffic grooming. Nodesthatcangroomtraffic arecapableof multiplexing/de-multiplexing lower ratetraffic ontoawavelength
andswitchingthemfrom onelightpathto another. The groomingof traffic canbe eitherstatic,wherethe source-destination
pairswhoserequirementsarecombinedarepre-determined,or dynamic,wheretheconnectionrequestsfrom differentsource-
destinationpairsarecombineddynamicallydependingon theexisting lightpaths.

RecentadvancesopticalswitchingtechnologyK[Z\LVK\N haveshown thepossibilityof realizingfastall-opticalswitchesswitches
with switchingtime lessthana nanosecond.Theuseof suchfastswitchesalongwith fiber delaylinesastime-slotinterchang-
ersK PSR K Q have openedup the possibility to realizemultiwavelengthoptical time switchednetworks. Thesenetworks will be
referredto as WDM/TDM Switched networks in the rest of this paper. Connectionbetweena sourceand destinationin a
WDM/TDM switchednetwork is realizedby assigninga time slot on every link of a chosenpath,with theconstraintthat the
slot on onelink canbeswitchedto thenext link by the intermediatenode.WDM/TDM switchednetwork canbeconsidered
asa specialcaseof SW-TDM network, whereall the nodesin network arecapableof groomingtraffic andlightpathsto the
neighboringnodesareestablishedpermanently. The bandwidthgranularityofferedby a WDM/TDM network is determined
by thedurationof a time slot which, in turn, dependson thespeedat which theswitchingcanbeaccomplished.In general,a
WDM/TDM switchednetwork is a multi-fiber, multi-wavelength,TDM-switchedall-opticalnetwork.

Routingindividual slotdynamicallyrequiresprocessinginformationin opticaldomain.However, thetechnologyin optical
processingandstoragehasnotmaturedto achieverun-timeroutingdecisionsathigh-speeds.Therefore,WDM/TDM switched
networksareexpectedto becircuit-switchedin nature.As theinformationin a time slot is not readby anintermediatenodeat
run-time,theswitchingemployedhereis alsoreferredto astransparentoptical switching.

Yateset al.K]K analyzea single-fibermulti-wavelengthTDM-switchednetwork for blocking performanceextendingthe
link-independencemodel̂SR N proposedfor wavelength-routednetwork. WautersandDeemester_SR KXW show the equivalenceof
single-fibermulti-wavelengthTDM-switchednetwork to multi-fiber multi-wavelengthwavelength-routednetworks.

SrinivasanandSomaniK T introducea generalizednetwork model,calledTrunk SwitchedNetwork (TSN). In this model,
every nodeviews a link asa setof trunksandchannels.Analytical modelfor evaluatingpathblockingprobabilitieshasalso
beendevelopedfor aclassof TSN’swhereall thenodeshavesimilarview of thelinks. Theanalyticalmodelsproposedearlierin
literaturefor wavelength-routedopticalnetworks,WDM/TDM networks,etc.canbederivedfrom thisgeneralizedframework.

1.1. Multicasting in Optical Networks

The analyticalmodelsproposedthus far in literatureconsiderunicastconnectionsandevaluatepathblocking probabilities.
However, supportingmulticastconnectionsin WDM networks hasgainedimportancein recentyearsdue to the increasing
numberof distributive services. SahasrabuddheandMukherjeeK U discussthe benefitsof supportingmulticasttraffic at the
WDM layer. Yang,Wang,andQiaoK _ introducevariousmulticastmodelsalongwith methodsto implementdifferentmulticast
capableswitcharchitectures.

Earlierwork on the analysisof opticalmulticastingconcentrateon two mainareas:(1) minimizing the numberof wave-
lengthsrequiredto supportastatictraffic demandK UOR ZYW and(2) multicastrouteselectionalgorithmsthatprovideefficientutiliza-
tion of thefiber bandwidthwhendynamicsetupandteardown of multicasttraffic is considered.ZSK R Z]Z Iannone,Listanti, and
SabellaZ ^ studytheblockingperformanceof establishingmulticasttreeswith a sourcereachingthedestinationsin a two-link
pathwith a branchingafter the first link assumingstatisticalindependenceof link loads. To the bestof authors’knowledge,
therehasbeenno othersignificantwork thatanalyzestheblockingperformancefor establishinga multicasttreein anoptical
network.

In this paper, an analyticalmodel for evaluatingthe blocking performanceof establishinga multicasttreein time-space
switchedoptical networks is developedbasedon the analyticalmodel proposedfor homogeneousTSN’s.K T The paperis
organizedas follows: Section2 describesa WDM/TDM switchednetwork. Section3 introducesthe conceptof a trunk-
switchednetwork, themodelingof a WDM/TDM switchednetwork asa TSN,andintra-trunkcopyingwhich enablescopying
of a signalfrom onechannelto another. An analyticalmodelfor evaluatingtheblockingperformanceof treeestablishmentin
a classof TSN’s is developedin Section4. Theperformanceof differentswitcharchitecturesarestudiedusingtheanalytical
modelon two differentkindsof networks.Section5 discussestheperformanceresults.Section6 concludesthepaper.



2. WDM/TDM SWITCHED NETWORKS

A WDM/TDM switchednetwork consistsof switchingnodesinterconnectedby oneor moreopticalfibers. Eachfiber carries
a certainnumberof wavelengths.Eachwavelengthis dividedinto frameswhich arefurthersub-dividedinto time slots.Let `
denotethenumberof links at a node, a denotethenumberof fibersper link, b denotethenumberof wavelengthsperfiber,
and c denotethenumberof timeslotsperframeona wavelength.

Every slot within a frame can be denotedby a 4-tuple, dfeXg]higYjCg[k[l , where monpe/nq` , monqhrnpa , monsjtn3b ,
and munvkAnwc . For example,the tuple d[m2gVm2g]xygzm{l (readfrom right to left) denotesfirst time slot in a frameon the second
wavelengthof the first fiber on the first link. A channelon a link is definedasa collectionof a particulartime slot across
successive frames.Hence,thenumberof channelsin a link is thesameasthenumberof slotsin a frame, a}|ub	|�c . Each
channelis alsorepresentedby a 4-tuple, d~e[g]hig[j5g[k[l , similar to the representationof a slot. It canbe observedthat if a frame
hasonly onetime slot, c��wm , a WDM/TDM switchednetwork reducesto a multi-fiber multi-wavelengthwavelength-routed
network. A switchat a nodemapsaninput channelto anoutputchannel.Theconstraintson themappingof aninput channel
to anoutputchannelaredeterminedby thenatureof theswitch.

The simplestswitch architectureis a spaceswitch. In this switch, an input channel, d~eXgOhig[jCgYk[lX� , could be mappedto an
outputchannel,dfeXg]higYjCg[k[lY� , if andonly if k � ��k[� , j � �0j�� , and h � ��h�� . With a timeslot interchanger(TSI), aninputchanneld~e[g]higYjCg[k[l � couldbecanbemappedto anoutputchanneldfeXg]higYjCg[k[lY� , where k �����k[� , by delayingthesignals.A combination
of time andspaceswitchingcanbeemployedin multiple stagesto realizemorepermutationof spaceandtime. If theswitches
donotemploy wavelengthconversion,thenthewavelengthof theinputandoutputchannelsmustbethesame,hencej � ��j�� .
In networks with multiple fibers connectingtwo nodesan input channel, d~eXgOhig[jCgYk[l � , canbe mappedto an output channeld~e[g]higYjCg[k[lY� , where h �����h�� .

3. TRUNK SWITCHED NETWORKS

A trunk switchednetwork (TSN) consistsof switchingnodesinterconnectedby links. Eachlink hasa setof channels.The
numberof channelsin a link, denotedby � , is the sameon all the links in the network. A nodein a TSN views a link asa
setof � trunkswith � channelsper trunk, where �9�:�E� . Fig. 1 shows thenodearchitecturein a TSN. Thenodehasfour
links connectedto it. Eachlink is viewedasa setof 4 trunksby the node. Switchingat every nodeobeys the following two
conditions:� A full-channelinterchanger(FCI) is employedat theinput for every trunk,asshown in Fig. 1.� Switchingat anodeobeys trunk-continuityconstraint,i.e., thechannelscannotbeswitchedacrosstrunks.
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Figure 1. Nodearchitecturein a TSN.

Thedefinitionof a trunk couldbedifferentacrossnodes.For example,onenodecouldview a link as � K trunkswith � K
channelspertrunkwhile anothernodecouldview thelink as � Z trunkswith � Z channelspertrunk,where� K � K �o� Z � Z ��� .



Fig. 2 shows two nodesin a TSN connectedby a link. The input to switch from otherlinks at thenodearenot shown in the
figure. Fig. 2(a)shows two nodesthatview the link asa setof 4 trunks. In Fig. 2(b), thefirst nodeviews thelink as3 trunks
while thesecondnodeviews thelink as4 trunks.
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Figure 2. Two nodesconnectedby a link in aTSN.(a)Thelink is viewedas4 trunksby boththenodes.(b) Thelink is viewed
as3 and4 trunksby thefirst andsecondnode,respectively.

A TSNis saidto behomogeneousif thecollectionof channelsthatconstitutea trunkata nodeis thesamefor all thenodes
in the network. Otherwise,it is saidto be heterogeneous. The nodesshown in Fig. 2(a) could form a part of homogeneous
TSN if thechannelsthatconstitutea trunk for thetwo nodesarethesameasthatat therestof thenodes.Notethat two nodes
couldview a link asa setof � trunks,but couldstill beheterogeneousif thechannelswithin thetrunksarenot identical. On
theotherhand,thenodesshown in Fig. 2(b) form apartof a heterogeneousTSN.Althoughthetrunkdefinitionis thesamefor
all thenodesin ahomogeneousTSN,theswitchingemployedwithin a trunkcouldbedifferentat differentnodes.As channels
cannotbeswitchedacrosstrunksatanode,by thedefinitionof a trunkat thenode,ahomogeneousTSNimposesanend-to-end
trunk-continuityconstraint on theconnections.

A trunk on a link, asviewedby a node,is saidto be busy if all the channelsin the trunk arebusy, otherwiseit is saidto
be free. Considerthe link shown in Fig. 2(a). The link is viewedasa setof 4 trunksby thenodes.Thenumberof channels
busyon a trunk at theinput of a nodeis thesameasthenumberof channelsbusyon thetrunk at theinput to theswitchat the
node.However, thedistribution of thebusychannelson thetrunk at theinput of thenodeis differentfrom thatat the input of
theswitch.Thenumberof trunksbusyat theinputof anodeis thesameasthenumberof trunksbusyat theinputof theswitch
at thatnode.

Considera trunkon a two-link path,eg: a trunkat theinput andoutputof thenodeshown in Fig. 2(a).Thetrunk is saidto
beavailableonthetwo-link pathif thereis a freechannelin thetrunkonthefirst link thatcanbeswitchedby thenodeto afree
channelin thesecondlink, subjectedto theconstraintsof theswitch.Hence,if a trunk is freeon two links individually, it does
not necessarilyimply that thetrunk is availableon thetwo-link path.For example,considera scenariowhentheswitchat the
nodeshown in Fig. 2(a) is a space-onlyswitch� . Hencechannelcontinuityconstraintis imposedby theswitch. Also, assume
that thereare5 channelspertrunk. Let channels1 and2 on a trunk bebusyat theinput of theswitchandchannels3, 4, and5
bebusyat theoutputof theswitch. Thefreechannelsat theinput of theswitch(hence,at thenode)cannotbeswitchedto the
freechannelsat outputof theswitch.Hence,thetrunk is not availableon thetwo-link path.

A connectionbetweenasourceanddestinationis establishedoverapath.Eachpathconsistsof asetof links andthenumber
of links in a pathdenotesthe lengthof thepath. Theselectionof a pathin the network couldbe eitherstaticor dynamic. A
connectionbetweena sourceanda destinationovera pathis realizedby assigninga channelon eachlink on thepathsuchthat
everynodeonthepathcanswitchthechannelassignedon its input link to thechannelassignedon its outputlink. A call is said
to beblockedif suchachannelassignmentis not possible.

Multicastconnectionsareestablishedin thesenetworksby copying thesignalin aninputchannelandswitchingtheindivid-
ualcopiesto multipleoutputchannels,wheneverabranchingin thetreeoccurs.It is assumedthatthecopiesof theinputsignal
is constrainedto remainwithin thesametrunk. Hence,this copying is alsoreferredto asintra-trunkcopying. Themaximum
numberof copiesthatcanbemadefrom aninput signalis, limited by thenumberof channelswithin a trunk. Thenumberof
copiesthataremadefrom aninput signalis referredto asdegreeof branching.�

Althoughtheswitchat a nodeis space-onlythenodebehaveslike a channel-spaceswitch.



3.1. Modeling a WDM/TDM switched network as a TSN

A WDM/TDM switchednetwork canbe modeledas a TSN. Although a trunk canbe definedasan arbitrarycollectionof
channels,only a few suchcollectionsmake a meaningfultrunk definitionin reality. Somepossibletrunk definitionsat a node
arediscussedherewith anexample.

Considera link with onefiber, 4 wavelengthsperfiberand5 time slotsperwavelength( a��&m , b���� , c���� ). Eachslot
on a link e is denotedby a 4-tupletuple dfeXgOhig[jCgYk[l , where h/��m , m"n?j�n:� , and m"n�k�n:� .� If time slot interchangeandwavelengthconversionarenot permitted,then,for any link e , eachwavelengthandtime slot

combinationcanbetreatedasa trunk, i.e., c��2���G� ���G�&��d~eXgVm2gYjCg[k[lS� . In this case,a link is viewedas b�c trunkswith one
channelpertrunk.� If time slot interchangeis permitted,but not wavelengthconversion,thenfor a given link e , every wavelengthcanbe
consideredasa trunk, i.e., c�� � �+��dfeXgzm g[jCgYk[lz¡¢m!n�k5nEc"� . Thus,a link is viewed as b trunkswith c channelsper
trunk. Notethat,theswitchat a nodeneednot providefull-permutationswitchingcapability.� If full-wavelengthconversionis permitted,but not time slot interchange,thenfor a given link e , a time slot on all the
wavelengthscanbegroupedto form a trunk, i.e., c�� � �}��dfeXgzm g[jCgYk[lz¡¢mAn�jwn�bE� . Thus,a link is viewedas c trunks
with b channelspertrunk.� If both full-wavelengthconversionandtime slot interchangearepermitted,thenthe entire link is treatedasonetrunk
with b�c channels.

A multi-fiber multi-wavelengthwavelength-routednetwork with a fibersand b wavelengthswith no wavelengthconversion
canbeviewedas b trunkswith a channelspertrunk. If full-wavelengthconversionis available,thena link canbeviewedas
asingletrunkwith aCb channels.However, networksthatemploy limited-wavelengthconversionQOR T cannotbemodeledeasily
or effectively asa TSN,asfull-permutationwavelength-conversionis not employed.

4. ANALYSIS

In this section,ananalyticalmodelfor evaluatingtheblockingperformanceof multicasttreeestablishmentis developed.The
scopeof theanalysisis limited to homogeneousTSN’s. Theanalysisfor heterogeneousTSN’s is currentlybeinginvestigated
by theauthors.

Considera homogeneousTSN with � trunksper link and � channelsper trunk. The analyticalmodeldevelopedin this
sectionis basedon thefollowing assumptions:� The call arrival at every nodefollows a Poissonprocesswith rate £¥¤ andis equally likely to be destinedto any other

node.Thechoiceof Poissontraffic is to keeptheanalysistractable.� Thebandwidthrequirementof everycall is assumedto beof onechannelcapacity.� Theholding time of every call follows an exponentialdistribution with mean K¦ . The Erlangloadofferedby a nodeis§ ¤¨�%©«ª¦ .� Thepathselectionis pre-determined(fixed-pathrouting),eg: shortest-path.� Blockedcallsarenot re-attempted.� A call is assignedachannelrandomlyfrom a setof availablechannels.

Considera tree,denotedby ¬ , thatneedsto beestablishedin thenetwork. Let ­G®�d�c°¯ l denotetheprobability thatexactlyc°¯ trunks are available to establishthe tree. ­G®>d~±�l , therefore,denotesthe blocking probability of tree establishment.To
compute­G®�d�c°¯�l , assumethat c³² trunksarefreeon thefirst link and cµ´ trunksamongthemareavailablefor establishingthe
tree. ­¶®�d~c³¯�l canbewrittenas,

­ ® d~c ¯ l7� ·¸¹
º¼»°¹�½
·¸¹{¾z»¿¹{º ­ ® d�c ¯ ¡ c ´ g[c ² l[­ K d�c ´ gYc ² l (1)



where ­ ® d�c ¯ ¡ c ´ gYc ² l denotestheprobabilityof c ¯ trunksbeingavailableto establishthetreegiventhat c ² trunksarefreeon
thefirst link with c ´ amongthembeingavailable. ­ K d�c ´ gYc ² l denotestheprobability that c ² trunksarefreeon thefirst link
with cµ´ amongthembeingavailable. ­ K d~cµ´�g[c³²
l canbewrittenas,

­ K d~c ´ g[c ² lÀ�vÁ ­¨d~cµ²�l if cµ´5�oc³²± otherwise.
(2)

where,­¨d�c ² l denotestheprobabilityof c ² trunksbeingfreeon a link.­¶®�d�c°¯i¡ c³´ÂgYc³²{l is computedby consideringtwo cases,(1) if the treedoesnot have any branchingand(2) if the treehasa
branching.

Case 1:
If thetree ¬ doesnot haveany branching,thenit is merelya path.If thepathconsistsof Ã links, then ­ ® d~c ¯ ¡ c ´ g[c ² l , denoted
as ­GÄ d~c ¯ ¡ c ´ g[c ² l for apath,canbeexpressedas:

­GÄ�d~c ¯ ¡ c ´ g[c ² lF� ·¸¹
ÅÆ»°¹�½ ­GÄ�d�c ¯ g[cµÇ[¡ c ´ gYc ² l (3)

where ­GÄ�d�c ¯ gYcµÇ[¡ c ´ gYc ² l denotestheprobabilityof having c ¯ trunksavailableon a Ã -hoppathwith cµÇ trunksfreeon the last
link giventhat c ² trunksarefreeon thefirst link with c ´ amongthemavailable.

A Ã -link is analyzedasa two-hoppathby consideringthefirst Ã5Èom links asthefirst hopandlast two links asthesecond
hop,asshown in Fig. 3.
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First hop with (z−1) links Second hop

0

Figure 3. A Ã -link pathmodel.

Let c³É and c¥Ê denotethenumberof trunksavailableon thefirst hopandnumberof trunksthatarefreeon thelast link of
thefirst hop(link Ã"È:m ), respectively. ­ËÄ�d�c ¯ g[cµÇ[¡ c ´ g[c ² l canthenberecursively computedas:

­ Ä d�c°¯�g[c Ç ¡ c³´ÂgYc³²�l7� ·¸¹
ÌV»°¹ ½
·¸¹VÍz»°¹
Ì ­ ÄVÎ K d�c É gYc Ê ¡ cµ´�g[c³²
l¿­¨d~c°¯ygYc Ç ¡ c É gYc Ê l (4)

where ­¨d~c°¯Âg[c Ç ¡ c É gYc Ê l denotestheprobabilityof c°¯ trunksbeingavailableon the Ã -link pathwith c Ç trunksfreeon the last
link giventhat c É trunksareavailableon thefirst hopwith c Ê trunksfreeon thelastlink of thefirst hop.

Thestartingpoint of therecursion­ K d�c ¯ gYcµÇ[¡ c ´ gYc ² l is givenby:

­ K d�c°¯ygYc Ç ¡ c³´ÂgYcµ²
lÀ� Á m if c°¯5�0c³´ and c Ç ��cµ²± otherwise.
(5)

Case 2:
If the treehasa branchingat an intermediatenode,thenthe computationof the desiredprobability is carriedout by splitting
the treeinto a combinationof a pathandsubtrees.Consideranexampletreeasshown in Fig. 4(a) to beestablished.As the
treehasbranching,it is split into a pathupto the intermediatenode Ï , denotedby Ð , anda setof subtreesthatbranchout at
the intermediatenode.Let Ñ denotethenumberof subtreesat thebranchingpoint and ¬ K gY¬ Z gzÒÓÒ�ÒÓgY¬yÔ denotethesubtrees.The
splitting of thetreeinto a pathanda setof subtreesareshown in Fig. 4(b). Note that the last link of thepathandfirst link of
thesubtreesarethesame.

Let ­ËÕ>d~c³Ö�gYcµ×Â¡ c ´ g[c ² l denotethe probability that c³Ö trunksareavailableto reachthe intermediatenodewith c³× trunks
freeon thelastlink of thepathgiventhatthefirst link hasc ² freetrunkswith c ´ amongthemavailable.Theprobabilityof c ¯
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Figure 4. (a) Examplemulticasttreeconsideredfor analysis.(b) Decompositionof thetreeinto a pathanda setof sub-trees
for analysis.

trunksbeingavailableto establishthegiventreecanbeobtainedby summingoverall possiblevaluesof c³Ö , c³× , andnumberof
trunksavailableto establishpathsoneachof the Ñ subtrees.Hence,it follows:

­ ® d�c ¯ ¡ c ´ gYc ² l7� ¹ º¸¹{Ø{»°¹ ½
·¸¹{ÙS»°¹{Ø ¸�¢�fÚ]� ��Û¼�ÝÜÝÜÝÜÝ� �~Þ\� ­¿Õßd�c³Ö¥g[c³×Â¡ c ´ gYc ² lË­¨d�k K g[k Z gzÒÓÒ�ÒÓg[k[Ô�¡ c³Ö�gYc³×«l[­¨d�c ¯ ¡ k K g[k Z gVÒ�ÒÓÒÓg[k[Ô«g[c³Ö�l (6)

where ­¨d�k K g[k Z gzÒÓÒ�ÒÓg[k[Ô
¡ c³Ö�gYc³×{l denotesthe joint probability thatsubtreeà hasexactly kX� trunksavailablegiventhat thefirst link
in the subtreehas c × trunksfreewith c Ö amongthemavailable. ­¨d�c°¯�¡ k K gYk Z gVÒ�ÒÓÒ�gYk Ô g[c Ö l denotestheprobability of c°¯ trunks
beingavailablefor establishingthe treegiven that c Ö trunksareavailableto establishthe pathand k � trunksareavailableto
establishsubtree¬ � . Note that this probability doesnot dependon the numberof free trunkson the first link of the subtrees
( c × ) asany trunk thatis availableto establisha subtreemustbewithin thesetof availabletrunksin thefirst link of thesubtree
( c Ö ). It canbealsoobservedthat k �âá c³¯ygzm"n�àÀnoÑ .

It is assumedthat thedistribution of thechannelsacrossdifferentsubtreesareindependentof oneanother. Similar to link
correlation,thereis alsoacorrelationfactorthatis introduceddueto theintra-channelcopying. Hence,if achannelis occupied
in a subtree,thenthereis a positive probability that a channelin the sametrunk canbe occupiedin anothersubtree,asthey
couldbepartof a treeestablishedearlier. However, astheofferedloaddueto multicasttraffic is expectedto bemuchsmaller
comparedto theunicastconnections,this correlationis neglectedin this paper. Assumingthechanneldistribution acrossthe
subtreesareindependentof eachother, ­¨d�k K gYk Z gVÒ�ÒÓÒÓg[k Ô ¡ c Ö g[c × l canbewrittenas:

­¨d�k K gYk Z gVÒ�ÒÓÒ�gYk[Ô�¡ cµÖ¥g[c³×{lÀ� Ôã� » K ­ ®Vä d�kX�O¡ cµÖ¥g[c³×
l (7)

Let ­¶Ô
d~c ¯ ¡ k K g[k Z gzÒÓÒ�ÒÓg[k[Ô
g[c³Ö�gYc³åzl denotetheprobabilityof c ¯ trunksbeingavailableto establishthetreegiventhat kX� trunks
areavailableto establishsubtree¬Â� with cµÖAæ0c³å trunksavailableon the first link of the subtreeswith the constraintthat a
trunk thatis availableto establishthetreemustfall within the c³Ö setof trunks. It follows that ­GÔ
d~c ¯ ¡ k K gYk Z gzÒÓÒÓÒ�gYk[Ô«g[c³Ö�l is same
as ­GÔ�d�c ¯ ¡ k K gYk Z gVÒ�ÒÓÒ�gYk[Ô{g[c³Ö�gY± l . ­GÔ
d~c ¯ ¡ k K gYk Z gzÒÓÒÓÒ�gYk[Ô{g[c³Ö¥g[c³åzl is computedrecursively by consideringonesubtreeat a time and
updatingthenumberof trunksavailableto establishthetreedependingon thenumberof availabletrunkson thesubtreethatis
considered.

­ Ô d~c³¯i¡ k K gYk Z gzÒÓÒÓÒ�gYk Ô g[c Ö gYc å l7�oçâè é ��� Ú �
¹ Ø �¸� »°¹ ½ ­ K d�kz¡ k K gYc Ö gYc å lX­ Ô]Î K d�c°¯i¡ k Z g[k ^ gzÒÓÒ�ÒÓg[k Ô gYkSg[c å æ�c Ö È9k[l (8)

where, ­ K d�kz¡ k K gYc³Ö�gYcµåVl7�ëê
¹ Ø�¶ì ê ¹{í� Ú Î �~ìê ¹{Ø
î°¹ í�fÚ3ì (9)

­¨d�c°¯ l and ­¨d�c°¯�g[c Ç ¡ c É g[c Ê l form the basisfor the analysisdevelopedin this section. Theseprobabilitiesarecomputed
usinga two-link correlationmodel. Computingtheseprobabilitiesarenot explainedin this paperdueto spaceconstraints.
Readersarereferredto theearlierwork by theauthorsK T for a detaileddescriptionon thecomputationof theabove probabil-
ities. Computingtheabove probabilitiesrequiresestimationof call arrival ratesat a link, which is discussedin thefollowing
subsection.



4.1. Estimation of call arrival rates on a link

Typically, thenetwork traffic is specifiedin termsof offeredloadbetweennodepairs.Thecall arrival ratesat thenodeshaveto
betranslatedinto arrival ratesat individual links in thenetwork. Thecomputationof blockingprobabilitydependson thelink
arrival rates,andthelink arrival rates,in turn,dependonthenetwork blockingprobability. However, if theblockingprobability
in thenetwork is small, thenits effect on thelink arrival ratescanbeignored.Theestimationof the link arrival rateshasalso
beendiscussedin. K T

Considera network with ï nodesand ` links. Themeanpathlengthof a connectionin the network is givenby ðÀñ × �ò�ó Î KÄ » K Ãô­¨d~Ã�l , where ­¨d~Ã�l denotesthe path-lengthdistribution. The arrival rateof calls at a nodeis denotedby £¥¤ . The
averagelink arrival rate,denotedby £ , is computedas £õ� ó ©«ª2öÂ÷ Ùø .

Theabovecomputationconsidersonly unicastconnectionsfor computingthecall arrival ratesata link. Accountingfor the
increasein the link loaddueto multicastconnectionsis morecomplex. However, it is expectedthat thenumberof multicast
connectionsin a network would bemuchsmallercomparedto unicastconnections.Hence,this increasein thelink loadcanbe
neglected.

To accountfor link-correlation,the arrival ratesof calls to a link that continueto a next link alsoneedsto be computed.
Theonly known parameterof thepathlengthdistribution is themeanpathlength, ð ñ × . Hence,theprobability thata call on
a givenlink will continueto thenext link canbecomputedin severalpossibleways. Onepossibleapproachis to assumethat
theprobability thata call on a link continuesto a next link is independentof thenumberof links traveledby thecall. Hence,
at eachnode,theprobabilitythata call is destinedto thatnodeis givenby KöÂ÷ Ù . Hence,theprobabilitythata call is continuing

at a givennodeis mßÈ KöÂ÷ Ù . Let the numberof exit links for a pathat a nodebe denotedby ù , whereexit links for a pathis
definedasthoselinks at a nodethatdo not connectthenodeto any of thepreviousnodesin thepath.Thearrival rateof calls
to a link at a nodethatcontinueto a specificoutputlink is denotedby £¥ú"�Eûyú]£ , where ûyú is thecorrelationfactorgivenbyûyú,�rü m�È Kö ÷ Ù�ý Kþ Ò

5. PERFORMANCE EVALUATION

Two regular ÿ -ary treestructuresareconsideredfor performanceevaluation:(1) binary ( ÿ/�Ex ) and(2) ternary( ÿ���� ). The
numberof levels in the treearedenotedby ` , with the sourcereachingthe x ø destinationnodes. The root of the nodeis
assumedto the sourceandthe leaf nodesareassumedto be the destinations.The numberof hopsbetweentwo successive
branchingnodesis denotedby ð . Thedistancebetweenthesourceandthefirst branchingnodeis setas ð æ1m . Fig. 5(a)and(b)
show binarytreeswith thedistancebetweenthebranchingnodesas1 and2, respectively. Notethatas ð increases,thenumber
of links in thetreeincreases.

Z

Z+1

Z

Z

Z

Z+1

Z

Z

(a) ð���m (b) ð���x
Figure 5. Examplebinary treesconsideredfor performanceevaluation. (a) Distancebetweentwo branchingnodesis 1. (b)
Distancebetweentwo branchingnodesis 2.



Theblockingperformanceof multicasttreeestablishmentareevaluatedontwo networks: (1) m«±2±À|"mV±2± bi-directionalmesh-
torusand(2) 12-dimensionalhypercubenetwork. Thechoiceof thesenetworksaredueto themediumandlow correlationof
link-loads.Eachlink in thenetwork is assumedto have20channels.Two combinationsof trunkandchannelcombinationsare
considered:(1) 4 trunksand5 channelspertrunkand(2) 1 trunkand20channelspertrunk.

A nodethat views a link as � trunkswith � channelsper trunk is referredto asa �t| � node. A nodethat employs
full-permutationswitchingis denotedby FPandthatwhich provideschannel-spaceswitchingis denotedby CS.

Tables1 and2 show theblockingperformancefor establishinga3-levelbinarytreeand3-level ternarytrees,respectively, in
a 100| 100bi-directionalmesh-torusnetwork. Tables3 and4 show theblockingperformanceversuslink loadfor establishing
a 2-level binary treeand2-level ternarytrees,respectively. The performancetrendsaresimilar for both the networks. The
blockingprobability with 4 | 5 CS switchesis two to four ordersor magnitudehigherthanthatwith 1 | 20 FP switcheswith
increasinglink load. Theblockingprobabilitywith 4 | 5 FPswitchesis at-mostoneorderof magnitudehigherthanthatwith
1 | 20FPswitches.Theseresultsindicatethatasignificantperformancecouldbeobtainedif thechannelsin a link aresplit into
moretrunksandemploying full-permutationswitching.

Link load
Nodetype Z 1E 2E 5E 7E

4 � 5 CS 1 1.4 � K\W�� Ú�� 6.1 � KXW�� Ú Ú 1.8 � KXW�� � 6.7 � K\W�� Û
2 8.1 � K\W�� Ú�� 5.3 � KXW�� Ú�	 1.7 � KXW�� 
 2.9 � K\W�� Ú
3 3.3 � K\W�� Ú � 2.3 � KXW�� 	�� 6.9 � KXW�� 
 5.4 � K\W�� Ú

4 � 5 FP 1 2.8 � K\W�� Ú�
 1.1 � KXW�� Ú~Û 1.9 � KXW�� � 1.4 � K\W�� �
2 5.4 � K\W�� Ú�
 2.2 � KXW�� Ú~Û 4.4 � KXW�� � 5.4 � K\W�� �
3 8.1 � K\W�� Ú�
 3.4 � KXW�� Ú~Û 8.2 � KXW�� � 1.4 � K\W�� Û

1 � 20FP 1 2.4 � K\W�� Ú�
 9.3 � KXW�� Ú � 1.3 � KXW�� � 4.8 � K\W�� 

2 4.7 � K\W�� Ú�
 1.8 � KXW�� Ú~Û 2.6 � KXW�� � 9.2 � K\W�� 

3 7.0 � K\W�� Ú�
 2.7 � KXW�� Ú~Û 3.8 � KXW�� � 1.4 � K\W�� �

Table 1. Blocking probability versuslink load for establishinga 3-level binary treein a 100| 100bi-directionalmesh-torus
network.

Link load
Nodetype Z 1E 2E 5E 7E

4 � 5 CS 1 2.2 � K\W�� Ú � 1.5 � K\W�� � 4.6 � KXW�� 
 4.6 � K\W�� Ú
2 2.8 � K\W�� Ú 
 1.9 � K\W�� 
 4.8 � KXW�� � 8.8 � K\W�� Ú
3 1.3 � K\W�� Ú � 9.2 � K\W�� 
 1.8 � KXW�� Û 9.8 � K\W�� Ú

4 � 5 FP 1 7.2 � K\W�� Ú�
 3.0 � KXW�� Ú~Û 6.8 � KXW�� � 1.0 � K\W�� Û
2 1.5 � K\W�� Ú � 6.5 � KXW�� Ú~Û 2.5 � KXW�� � 5.5 � K\W�� Û
3 2.2 � K\W�� Ú � 1.1 � KXW�� Ú Ú 7.2 � KXW�� � 1.4 � K\W�� Ú

1 � 20FP 1 6.2 � K\W�� Ú�
 2.4 � KXW�� Ú~Û 3.4 � KXW�� � 1.2 � K\W�� �
2 1.2 � K\W�� Ú � 4.7 � KXW�� Ú~Û 6.7 � KXW�� � 2.4 � K\W�� �
3 1.8 � K\W�� Ú � 7.1 � KXW�� Ú~Û 1.0 � KXW�� � 3.6 � K\W�� �

Table 2. Blocking probability versuslink load for establishinga 3-level ternarytreein a 100| 100bi-directionalmesh-torus
network.

It is alsoobservedthattheblockingprobabilityfor establishinga path,having thesamenumberof links asin treesconsid-
eredabove,is almostthesameastheblockingprobabilityof establishingthetreein thenetwork with sameswitcharchitecture.
Thepathblockingprobabilitiesarenot reportedseparatelyasthey exactlymatchthevaluesof thetreeblockingperformanceto



Link load
Nodetype Z 1E 2E 5E 7E

4 � 5 CS 1 6.9 � K\W�� Ú � 3.5 � KXW�� Ú Ú 7.7 � KXW�� � 2.6 � K\W�� Û
2 5.2 � K\W�� Ú�� 2.9 � KXW�� Ú�	 6.9 � KXW�� � 1.4 � K\W�� Ú
3 2.1 � K\W�� Ú � 1.2 � KXW�� 	�� 2.7 � KXW�� 
 3.1 � K\W�� Ú

4 � 5 FP 1 1.2 � K\W�� Ú�
 4.8 � KXW�� Ú � 7.3 � KXW�� 
 3.9 � K\W�� 

2 2.3 � K\W�� Ú�
 9.1 � KXW�� Ú � 1.5 � KXW�� � 1.2 � K\W�� �
3 3.4 � K\W�� Ú�
 1.4 � KXW�� Ú~Û 2.6 � KXW�� � 2.8 � K\W�� �

1 � 20FP 1 1.2 � K\W�� Ú�
 4.7 � KXW�� Ú � 6.6 � KXW�� 
 2.4 � K\W�� 

2 2.3 � K\W�� Ú�
 8.7 � KXW�� Ú � 1.2 � KXW�� � 4.5 � K\W�� 

3 3.3 � K\W�� Ú�
 1.3 � KXW�� Ú~Û 1.8 � KXW�� � 6.6 � K\W�� 


Table 3. Blockingprobabilityversuslink loadfor establishinga 2-level binarytreein a 12-dimensionalhypercubenetwork.

Link load
Nodetype Z 1E 2E 5E 7E

4 � 5 CS 1 4.1 � K\W�� Ú�� 2.3 � KXW�� Ú�	 5.5 � KXW�� � 1.7 � K\W�� Ú
2 4.5 � K\W�� Ú � 2.6 � K\W�� � 5.7 � KXW�� 
 4.4 � K\W�� Ú
3 2.0 � K\W�� Ú 
 1.2 � K\W�� 
 2.3 � KXW�� � 7.1 � K\W�� Ú

4 � 5 FP 1 2.1 � K\W�� Ú�
 8.5 � KXW�� Ú � 1.4 � KXW�� � 1.0 � K\W�� �
2 4.2 � K\W�� Ú�
 1.7 � KXW�� Ú~Û 3.5 � KXW�� � 4.5 � K\W�� �
3 6.4 � K\W�� Ú�
 2.7 � KXW�� Ú~Û 7.4 � KXW�� � 1.2 � K\W�� Û

1 � 20FP 1 2.1 � K\W�� Ú�
 8.2 � KXW�� Ú � 1.2 � KXW�� � 4.2 � K\W�� 

2 4.1 � K\W�� Ú�
 1.6 � KXW�� Ú~Û 2.2 � KXW�� � 8.1 � K\W�� 

3 6.0 � K\W�� Ú�
 2.3 � KXW�� Ú~Û 3.3 � KXW�� � 1.2 � K\W�� �

Table 4. Blockingprobabilityversuslink loadfor establishinga2-level ternarytreein a12-dimensionalhypercubenetwork.

theaccuracy reportedin thetables.Thedifferencebetweentheblockingprobabilitiesof establishinga binaryor a ternarytree
anda pathwith samenumberof links areobservedto belessthan1% of thepathblockingperformance.In general,if thede-
greeof branchingateachnodein thenetwork decreases,thetreeblockingperformancecanbeapproximatedto apathblocking
performancewith thenumberof links in bothbeingthesame.Notethat,in anextremecasewhenthedegreeof branchingat the
intermediatenodeis thesameasthenumberof destinationnodes,theanalyticalmodelemulatesastatisticallink-independence
model. Hence,its comparisonwith the blocking performanceof a pathwith the samenumberof links would indicatethe
differencebetweentheblockingprobabilitiesobtainedusinga link-independenceandlink-correlationmodel,which couldbe
significantfor longerpathsandathigh network loads.

6. CONCLUSION

In thispaper, ananalyticalmodelfor evaluatingtheblockingperformancefor establishingmulticasttreesin time-spaceswitched
opticalnetworkshasbeendeveloped.Theblockingperformancefor establishingregularbinaryandternarytreesareevaluated
on two differentnetwork architecturesandthreedifferentswitcharchitectures.It is alsoobservedthat for theseanalyses,the
blockingprobabilityof a pathmatchthatof a treewith thesamenumberof links with low degreeof branching.

While it canbeconcludedfrom theabove resultsthatpathblockingprobabilitiescanapproximatetreeblockingprobabil-
ities, with thesamenumberof links with lower degreeof branching(for 2 and3), the limit on thedegreeof branchingabove
which the thedifferenceexceedsa givenfactorremainsto bestudied.In this paper, a randomchannelassignmentalgorithm
hasbeenassumedfor the analysis.The effect of otherchannelassignmentalgorithmssuchasfirst-fit, best-fit,etc. is yet to
bestudied.Also, the effect of having limited capabilityon the intra-trunkcopying thatallows the signalin only a few setof



trunksto becopiedis alsoto beevaluated.Theseanalysescanthenbeusedto designmulticastroutingalgorithmsthatnotonly
optimizecostor wavelengthutilization,but alsoresultin improving theprobabilityof establishingthetree.
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